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SPACE-TIME TRADE-OFFS FOR ORTHOGONAL RANGE QUERIES*
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Abstract. This paper investigates the question of (storage) space-(retrieval) time trade-off for orthogonal
range queries on a static data base. Each record in the data base consists of a key that is a d-tuple of
integers, and a data value that is an element in a commutative semigroup G. An orthogonal range query is
specified by a d-dimensional parallelepiped (box). Two types of response to such a query are considered:
one where the output is the semigroup sum of the data values whose keys are located in the query
parallelepiped, and the other where the output is a list of all the records whose keys lie in the query
parallelepiped. This paper studies two models, the arithmetic model and the tree model and obtains lower
bounds on the product of retrieval time and storage space in both models.
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1. Introduction. Consider a data base that contains a collection of records, each
with a key and a number of data fields. Given a range query, which is specified by a
set of constraints on the keys, the data base system is expected to return the set of
records, or a function of the set of records whose keys satisfy all the constraints. If
the data base is static the collection of records may be preprocessed to achieve a
balance between the storage utilized and the time required to answer a query. There
is an extensive literature [1], [2], [4], [8], [9], [11], [12] on algorithms for range query,
and the space and time requirements have traditionally been used as performance
measures for such algorithms. In this paper, we investigate the question of (storage)
space-(retrieval) time trade-off for orthogonal range queries on a static data base.

Let G be a commutative semigroup with an addition operation +. Let d be a
fixed positive integer. Let N={1,2,- -, n} and let N denote the set of all d-tuples
of positive integers less than or equal to n. A record (k, f(k)) is a pair of key ke N¢
and datum f(k) € G. The data base consists of n such records. Let k = (k,, k,, - - -, ky).
An orthogonal range query is specified by a 2d-tuple (x,,, X12, X21, X220, * * *, Xa1, Xa2)
of positive integers satisfying x;; <x;;, 1 =i=d. Alternately, the query region for an
orthogonal range query is a parallelepiped (box) b, defined by the product [x;;, x;5) X
[Xa21, X20) X+ + X[ X4y, X42) Of d-semiclosed intervals with positive integer endpoints.
A key k is said to be located in a box b =[x, X;2) X[ Xa1, X20) X * * * X [X4,, X4») if and
only if x;, = k; <x;,, 1 =i=d. We consider two types of response to such a query, one
where the output is the sum of the data f(k) whose keys k are located in the query
parallelepiped (box) b, and the other where the output is a list of all the records whose
keys lie in the query parallelepiped b.

Let Q(b) denote the input 2d-tuple corresponding to query boxb, and let K denote
the set of keys in the data base. As we shall be studying space-time requirements for
orthogonal range query only, we shall assume that the set of query regions is fixed to
be the set of boxes.

A space-time trade-off seeks to answer questions such as what is the minimum
amount of storage needed to ensure a certain query time? The trade-off between space
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and time is dependent on the model of data structure and the set of records in the
data base. We fix the data structure model and then try to obtain a set of records that
makes this trade-off as bad as possible. Thus the lower bounds on space-time products
are to be interpreted as worst-case bounds, i.e., there exists a set of n records whose
space-time product has the said bounds.

We study two models. In Model A, we work in the general framework defined by
Fredman [5]-[7], and consider only data structures and manipulation algorithms that
are independent of the choice of the semigroup G. So the set K of keys in the data
base together with the set of query regions completely specifies the problem. Given a
query box b, the query answering algorithm is expected to return the semigroup sum
of the data values whose keys are located in b. Model A is an arithmetic model with
unit cost for each arithmetic operation but no cost for memory retrieval. In this model,
we show that for orthogonal range query on a static database with n records, there is
a space-time trade-off (log T)* ' TS = Q(n(log n)“ "), where 6 =1 for d =2, and 6 =2
for d = 3. Space-time trade-offs for circular range query and interval query in this
model are studied by Yao in [13] and [14]. We note that for d =2 the results of Yao
[14] are considerably stronger for this model; specifically he shows that for a restricted
type of range query T =Q(log n/(log (S/n)+loglog n)) for d =2. The complexity of
dynamic range queries in this model is discussed by Fredman in [5]-[7].

In Model B (tree model), we study a broad class of tree data structures. In this
model, a data structure is a rooted tree, and with each edge in the tree is associated
a condition. Given a query, the query answering algorithm starts with the root, and
visits a vertex v if and only if the given query satisfies the conjunction of the conditions
on the path from the root to v. The output corresponding to a given query is a function
of the data associated with the visited vertices. Several standard data structures, such
as linked lists, range trees, etc. [1], [2], [4], [8], [9], [11], [12], fit into this model. In
Model B, we investigate the orthogonal reporting problem where the response to a
query is a list of all the records in the data base whose keys are located in the query
box. Since the output size is query dependent, the time required to answer a query is
not the correct measure of the overhead involved in producing the desired response
to the query. So we define a scaled query time T' that measures the overhead for
producing one unit of output. For the orthogonal reporting problem on a static data
base with n records, we show that there is a space-time trade-off (log T'+
loglog n)* 'T'S=Q(n(log n)*"?), where 6 =1 for d =2, and 0 =2 for d = 3.

The results in this paper for Model A (arithmetic model) have been significantly
strengthened by Chazelle using a different technique [3].

2. An overview.

2.1. Model A. Arithmetic model. In this model [5], [6], [7], a data structure is an
infinite array Z of variables zy, z,, z,, - - -, that stores elements from the commutative
semigroup G. Given any input query, the query answering algorithm chooses a collec-
tion of at most T variables in the array and returns their semigroup sum as the response
to the query. Since only arithmetic operations are charged, the query time is T. The
data structure is assumed to be independent of the specific semigroup G and so the
mapping between elements in G and variables in Z is determined solely by the set K
of n keys in the data base. With each variable z; in Z is associated a subset h; of K,
and the data value zkeh,- f(k) is stored in z;, where f(k) is the data value associated
with k. Let H < 2% such that every set in H is associated with some variable in Z and
every variable in Z is associated with some set in H. Let R be the set of all possible
query boxes, and let P(K, H, T) be the property that foreach be R, b K is expressible
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as the disjoint union of at most T sets in H. (The lower bounds in this paper are valid
even if disjoint union is replaced by union in the definition of P(K, H, T).) The query
answering algorithm works correctly if and only if P(K, H, T) is satisfied. The storage
space S is defined by
S =max min |H]|.
K H satisfying P(K,H,T)
The following theorem summarizes the results in this model.

THEOREM 1. In Model A, for orthogonal range query on a static database with n
records, there is a space-time trade-off (log T)* ' TS = Q(n(log n)“~°), where § =1 for
d=2,and 0 =2 ford=3.

The proof is based on Lemma 1 given below. The lemma asserts that there exists
a set K of n keys and a large enough set B(T, n) of query parallelepipeds such that
the subsets of K induced by members of B(T, n) satisfy certain intersection conditions.
The proof of Lemma 1 is given in § 4.

LeEMMA 1. There is a set K of n keys and a set B(T, n) of boxes satisfying the
following properties:

(1) (log T)"'T|B(T, n)|=Q(n(log n)*~’), where 6=1 for d=2, and 6 =2 for
d=3.

(2) For distinct by, b,, in B(T, n), |b,Nb,NK|<1/T min {|b,N K|, |b,N K|}

Using property (2) in Lemma 1, we show that for any H satisfying P(K, H, T),
we must have |H|=|B(T, n)|. Then Theorem 1 follows from the lower bound on
|B(T, n)| given by property (1) in Lemma 1. Let b,, b,, be distinct boxes in B(T, n).
As b;N K is expressible as the union of at most T sets in H, there exists h, € H such
that |h,|= (1/T)|b,N K| and h, < (b;N K). Since |[(b, N K)N (b,N K)|<(1/T)|b;N K],
h, cannot appear in the decomposition of b, K as the union of members of H. So
with each b; in B(T, n) we can associate a distinct h; in H.

2.2. Model B. Tree model. In the case of the reporting problem the output size
is dependent on the given query, and so the arithmetic model is not suitable for
investigating this problem. So we study the tree model for data structures. In this
model, the data structure is assumed to be a rooted tree. With each vertex v is associated
a set of data items and we let data(v) denote the set of data items associated with
vertex v. With each edge in the tree is associated a condition. Given an input query
in the form of a tuple of numbers, the query answering algorithm first visits the root.
A vertex v is visited if and only if it is a son of some vertex u that has already been
visited and the input tuple satisfies the condition associated with edge uv. We define
cond (v) to be the conjunction of all the conditions on the path from the root to vertex
v. Thus for any query box b, on being given the corresponding tuple Q(b) as input,
the query answering algorithm visits vertex v if and only if Q(b) satisfies cond(v). The
response to a query is a function of the data at the visited vertices.

In the tree model, we investigate the orthogonal reporting problem where the
response to a given query is a list of all the records in the data base whose keys lie in
the query box. Let G be a semigroup consisting of a single element. We shall restrigt
the universe of records so that the data in each record is the unique element from G.
We shall only consider sets of records which are such that no two records in a set
have the same key. Then the set K of keys completely specifies the set of records, and
the orthogonal reporting problem is to produce a list of all the keys in K that lie in
the given query box. Note that considering this special case does not cause any loss
of generality as the lower bounds obtained in the special case trivially extend to the
general case. Let r be a fixed constant. We restrict ourselves to trees where every vertex
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has degree at most . The condition associated with each edge in the tree is restricted
to be a disjunction of at most r binary comparisons. Thus cond(v), the conjunction
of the conditions on the path from the root to v, is now a conjunction of disjunctions
of comparisons. For each vertex v, data(v) is a set of keys. Vertices may share storage,
so data(v) is effectively the set of records accessed via vertex v.

Consider a fixed set K of keys, and a fixed tree for K. For a query box b, let
U(b) be the set of all those vertices v such that Q(b) satisfies cond (v). Given a query
box b, the query answering algorithm visits all the vertices in U(b), and extracts the
set of keys U ,c y(») data(v). The set of keys b (1 K is then obtained by explicitly testing
for each key in U,y data(v) whether the key is located in b. Thus filtering search
[2] is included in this model. Let T(b) be the time required to answer the query
corresponding to b. T(b) is lower bounded by |U(b)|+|U ,c s data(v)|. Since the
output size is query dependent, the time required to answer a query is not the correct
measure of the overhead involved in producing the desired response to the query. With
respect to a fixed set K of keys, and a fixed tree for K, we define a scaled query time
T’ as follows:

= max T(b)
1=|bNK|=logyn 'b ﬂ K] ’

!

For a fixed set of keys, the storage S is defined to be the minimum number of
vertices a corresponding tree must have to ensure a scaled query time of T'.

At this point we remark that several common data structures, such as linked lists,
range trees, etc. [1], [2], [4], [8], [9], [11], [12], fit into the tree model. Also note that
the tree model restricts the manner in which data records are accessed; it does not
place a restriction on how the data is stored. As long as there is a fixed tree that defines
how the data in the data structure is accessed, and a node in this tree corresponds to
a distinct unit of storage in the data structure, the data structure would still fit into
the tree model; it would not matter that the data structure itself was not a tree.

THEOREM 2. In the tree model, for the orthogonal reporting problem on a static data
base with n records, there is a space-time trade-off (log T'+loglogn)? 'T'S=
Q(n(log n)*~?), where =1 for d =2, and 6 =2 for d =3.

The proof of Theorem 2 is based on Lemma 2 below. A proof of Lemma 2 is
given in § 4.

LEMMA 2. Let ¢, and c, be constants dependent on the dimension d. There exists a
set of K of n keys that has a subset K' satisfying the following properties:

(1) |[K'|zen.

(2) With respect to a particular tree for K, let V(k) be the set of all those vertices
v that satisfy the conditions (i) key k € data(v); and (ii) there is a box b such that Q(b)
satisfies cond(v) and 1=|bN K|=«(d, n), where k(d,n)=1 for d =2 and x(d, n) =
log,n for d=3. Then for each tree for K, for each key ke K', |V(k)|=
(logs n)*" "/ c,(log, T'+1log, log, n)* "

Let K be a set of n keys and K’ be a subset of K such that K and K’ satisfy the
conditions in Lemma 2. Consider a fixed tree for K. For a key k, let V(k) be as defined
in Lemma 2. We must have that

Y [Vkl= Y  |data(v)].

ke K’ veU, k- V(k)

For each vertex v in U, g v(k), |data(v)|=«(d, n)T', since v is visited by a query
corresponding to a box containing at most «(d, n) keys. Then from properties (1) and
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(2) in Lemma 2 it follows that

c,n(log, n)?™!

U V(k .
(k) e,k (d, n)T'(log, T'+log, log, n)¢ ™!

ke K’

=

Thus the storage S for a set K of n keys satisfying the conditions in Lemma 2 must
obey the following constraint:

c,n(log, n)™!

c;x(d, n)T'(log, T'+log, log, n)* ™"

Sz

3. Canonical parallelepipeds and almost uniform distributions. We shall utilize a
special class of parallelepipeds (boxes) in obtaining the desired space-time trade-ofis.
Let n be a power of 2 and let I, ={[j2'+1, (j+1)2'+1): 0=j <(n/2"}. I, is the set of
intervals obtained by breaking up [1, n+1) into n/2' semiclosed intervals of equal
size, each interval being closed on the left and open on the right. Let =
IbULU---Ul,g,,. Then I is defined to be the set of canonical intervals, and 14 is
defined to be the set of canonical parallelepipeds, or equivalently canonical boxes.

For a box b, we use [;,(b), m»(b)) to denote the interval that is the projection
of box b onto to the ith coordinate axis. Equivalently, for 1 =i=d, m;;(b) and m;,(b)
denote the (2i —1)st and the (2i)th components of the 2d-tuple Q(b) corresponding
to box b. For a box b, dimensions(b) is defined to be the d-tuple ((7,,(b) — 7,(b)),
(m20(b) — m21(b)), * - -, (742(b) — 74,(b))). We note that since I contains intervals of
log, n+1 distinct lengths, the total number of choices possible for the dimensions of
a canonical box is (log, n+1)“. Let vol(b) denote the volume of a box b, and let
p(x)=2">1 Let J be the canonical parallelepiped JoxJ,x - xJ,_, where J;,=
[2i(2p(d)) 'n+1,(2i+1)(2p(d)) 'n+1), for 0=i=d —1. The following lemmas list
the properties of canonical boxes that we shall require.

LEMMA 3. The number of canonical boxes of identical dimensions and of volume 2’
is n?/2".

LEMMA4. Let 0=i=(log, n/d?). Then the number of possibilities for the dimensions
of a canonical box of volume 2'n“"" is Q((log, n/d*)*™"), and at most (log, n+d)* ™"

Proof. The number of nonnegative integer solutions to

Jitht:tja=i+(d—1)log, n,
subjectto 0=j,=log,n, 1=I=d, i=(log,n/d?)

is at least (log, n/d”)“ " for large enough n, and at most (log, n+d)“""! for any i in
the desired range. That gives the required bound on the number of possibilities for
the dimensions of a canonical box of volume 2'n* " O

LEMMA S. Letb,, by, -+, b, be canonical boxes of volume « such that N7_, b; # .
Then vol(N7_, b)=a2' """
Proof. For 1=m=d, let

Lm = {[Wml(bj), 7Tm2(bj)): léjép}

The intervals in L,, can be ordered by containment, and the ratio of the lengths of the

largest and the smallest intervals in L,, is 2/"/"". Let | L%| = max,, | L,,|. By pigeonholing,
|L¥|= p'/“"V. Then

4 — * I/ d—1)
vol( bi>§a21 Il < 2! . 0
.

1
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LEmMMA 6. Let b be a fixed canonical box of volume a. Then the number of canonical
boxes b of volume a which satisfy the condition vol(bﬂl;)zfjvol(g) is at most
2j+d+1)47"

Proof. Since vol(bﬂbA)EZ_jvol(lg) and vol(b)=vol(l;), for each m, 1=m=d,
either [mn1(b), mma(b)) contains [m,,,(5), mua(b)) or [, (D), mma(h)) contains
[7m1(b), 7m2(b)), and

<7Tm2(b)_77ml(b)
B 7Tm2(b) - 7Tm1(b)
Thus for 1 = m = d, there are at most (2j+ 1) possibilities for the mth interval defining
box b, and as the volume of the boxes b is fixed to be « the total number of possibilities
for the boxes b is bounded by (2j+d +1)*"". O

Having described canonical boxes, we shall proceed to almost uniform distribu-
tions of n keys. The distributions are termed almost uniform because the number of
keys in a canonical box does not deviate too far from the volume of the box divided
by n*"'. For d =2, we can explicitly construct such distributions, and thereby get
Theorem 3. For d =3, we have to resort to counting arguments and show that the
number of distributions of n keys, which do not satisfy the properties in Theorem 4,
is less than the total of n*" possible distributions.

THEOREM 3. For d =2, there is a set K of n keys such that for each canonical
box b,

=2

2‘j

I(b I(b
[”,‘jf‘,)jélbﬂKlé[”Zf_l |

Proof. 1t is adequate to obtain a set K of n keys such that each canonical box of
volume n contains exactly one key. We use an inductive construction. Let x, and x,
denote the two attributes of a key. Let K,, denote a set of m keys satisfying the
conditions in Theorem 3. We shall obtain K,,, from K,,. Let

K., ={(2x,-1, x,): (x, x5) € K,,,}
and
K ={(2x;, X, m): (x, x2) € K, }.

We let K,,, = K, U K/,. A canonical box of volume 2m and x, dimension equal to 1
contains exactly one key, as each key has a distinct value for x,. Let b=
[x11, x12) X[X2;, X2,) be a canonical box of volume m corresponding to n =m, and let
b, =[2x,,—1,2x;,—1) X[ X5, X2,) and b, =[2x,; — 1, 2x;, — 1) X[ X5, + m, X,5+ m). Then
b, and b, are canonical boxes of volume 2m correspondingto n =2m. If (x,, x,) e bN K,,
then (2x, -1, x,) € b, N K, and (2x,, x,+m) e b,N K, , and b,, b, do not contain any
other key in K,,,. Furthermore, all canonical boxes corresponding to n =2m, of volume
2m and x; dimension at least 2, may be derived in this manner from canonical boxes
of volume m corresponding to n =m. a

THEOREM 4. Let on™" be the number of distinct sets K of n keys, each key in N*,
that satisfy the three properties given below. Then o tends to 1 as n tends to o and
o=(1-0(1/n)).

(1) Let a(n)=2p(log, n). For each canonical box b,

l vol(b) vol(b) ]
a(n)n?! a(n)n? 'l

(2) Each canonical box of volume n“~" contains at most log, n keys.

(3) W N K[z (n/(4(2p(d))*") =n/4(cs)".

‘\§|bﬂKl<6a(n)[

1
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Proof. The total number of possible key distributions (sets) K is n®". Let F,, F,
and F;, be the fraction of distributions that do not satisfy properties (1), (2), and (3),
in Theorem 4, respectively. We shall show that each of F,, F,, and F;, is o(1/n).

To bound F, note that, if there is a canonical box whose volume is not equal to
a(n)n“"" and that violates property (1) above, then there is necessarily a canonical
box of volume a(n)n“"" that violates property (1) in the same manner. Let F,, be the
fraction of distributions K such that there is a canonical box of volume a(n)n®"' that
does not contain a key in K, and let F,, be the fraction of distributions K such that
some canonical box of volume a(n)n“"' contains at least 6a(n) keys in K. Then
F,=F,,+F,,. A bound on F,; may be obtained by noting that there are at most
n(log, n+d)?~" choices for a canonical box of volume a(n)n’"" and all the keys in
K must lie outside the chosen canonical box. Thus

F,,=n(log, n+d)d_'(1 _Efnn_)>

=O0(n(log n)* ' e ™)

)

An upper bound on F), is obtained by observing that we may choose a canonical box
of volume a(n)n“"" in at most n(log, n+d)“ "' ways, and we may choose 6a(n) keys
to lie in the chosen box and then let the remaining keys be located anywhere in
[1, n+1)% Then

a(n)
Fp,=n(log, n+d)d"'( " )(“("))6

6a(n) n
_y (a(n))®
= n(log, n+d)d IW
6a(n)
=n(logy n+ d)"_l(g) -+ - (using Stirling’s approximation)

)

F,=F,,+F,=0(1/n)+0o(1/n)=0(1/n).

Thus

A bound F, is obtained as follows. A canonical box of volume n¢~' may be chosen
in at most n(log, n+d)“ ! ways; then log, n keys may be selected to lie in the chosen
box, and the remaining keys may lie anywhere in [1, n+1)“. Thus,

Fzén(log2n+d)d"'< " )n*'°g2"
log, n

_n(log, n+d)4!
= (logy n)!

()
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To bound F;, we choose (1—4"'¢;?)n points to lie outside the canonical box J,
and let the remaining points be located anywhere in [1, n+1)“. Furthermore, the
volume of J is n¢/c,. Thus

e )
T\1-47"Hn s ’

Using Stirling’s approximation for factorials and taking logarithms we get

n 4c;—1
log, F; EE (loge (4¢3)+(4c3—-1) log, (1 ‘4c§— 1)) + O(log n).

Then noting that log, (1—-x)=-x for 0<x=1, we get

log, F;= Zz-z (log, (4¢3)+1—4c;)+ O(log n)
3

7
= —-—22-+ O(logn) asc;=16.
4c;

Thus F;=0(1/n). 0

4. Proofs of lemmas. In this section we give proofs of Lemmas 1 and 2 used to
prove Theorems 1 and 2 in §§ 2.1 and 2.2, respectively. For the purposes of this section
we shall let the set K of keys be fixed. For d =2 let K be a fixed set of n keys as
specified by Theorem 3, and for d =3 let K be a fixed set of n keys as specified by
Theorem 4. We assume that n is a power of 2. Let 8(«a) denote the set of canonical
boxes of volume «, and let B, denote the set of those canonical boxes that are also
subboxes of J (for definition of J see § 3).

Proof of Lemma 1. We shall give a proof for d =3, the proof for d =2 is similar.
Let x(T)=(64T(2p(d))**). Let B(T, n) be the largest set of boxes satisfying the
following conditions:

(1) For all be B(T, n), be B(x(T)a(n)n’""), and |bN K|=6Ta(n).

(2) For any two boxes b, and b, in B(T, n), vol(b,Nb,)=a(n)n®"".

By Theorem 4, the number of keys in K located in a canonical box of volume
x(T)a(n)n*""is at most 6x(T)a(n). It is then easily shown that the number of boxes
in B(x(T)a(n)n?"") that have identical dimensions and that contain at least 6 Ta(n)
keys is Q(n/(T log, n)). Then from Lemmas 4 and 6 in § 3, we can conclude that
|B(T, n)|=Q(n/ T log, n(log, n/log, T)*™"). The intersection of any two distinct boxes
by, b, in B(T, n) is a canonical box of volume at most (a(n)n“"") and so by Theorem
4,1b,Nb,NK|<6a(n)<(1/T)min{|b,N K|, |b,N K]|}. 0

In Model B, as we restrict ourselves to binary comparisons, the only possible
comparisons are those between two components of the input tuple, and those between
a component of the input tuple and a constant. We shall focus on canonical boxes
that are subboxes of the canonical box J. For each box b < J, the input tuple Q(b) =
(X115 X132, X215 X2, * * 5 Xg1, Xg2) 1S such that x;; <X <Xy <Xy <+ <Xy, < Xyp, and
so a comparison between two components of the input tuple has the same outcome
for each subbox b of J. Then, in Model B we need to analyze only comparisons between
a component of the input tuple and a constant. We note that, if the input tuple satisfies
a comparison between Xx;, the (j)th component of the tuple, and a constant, when Xx;
takes on the value z, as well as when x; takes on the value z,, then the input tuple
satisfies the comparison whenever x; takes on any value between z, and z,. The
following lemma follows directly from these observations.
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LeEmMMA 7. Let b, and b, be subboxes of J. Let C be a conjunction of binary
comparisons, and let both Q(b,) and Q(b,) satisfy C. Let b be a subbox of J such that
either (b)) = m;(b) = m(b,) or m;(b,) = m(b) = my(b,), for 1=i=d, 1=j=2. Then
the tuple Q(b) also satisfies C. ]

LemmMma 8. Let t be an integer greater than 1, let y be an integer greater than 0,
and let m be an integer such that 1=m=d. Let C=—(C,v C,v - - -v C,_,), where each
of C;, 1=i=t—1, is a conjunction of comparisons. Let b, b,, -, b,,, be distinct
canonical boxes satisfying the following conditions:

(1) Foralliyl=i=t+1, b;e(B,NB(a)).

(2) Each of the tuples Q(b,), Q(b,), - - -, Q(b,+,) satisfies condition C.

(3) Forallij1=i=t+1, m,.(b;) — 71 (b)) = mma(by) — m,m1(by).

(4) Foralli1=i=t, mu(bis)) = Tma(bi) Z ¥(7pma(by) = Wi (by)).

Then there are at least y boxes b in 8, N B(a) such that Q(b) satisfies condition C.

Proof. Let A([y,, y,), m, b) be the box obtained by replacing the mth interval
defining box b by the interval [y,, y,). Note that I is the set of canonical intervals.
Forl1=i=t, let

Ai = {A([yla J’2), m, bi): [)’1, J’2) € Ia Vo= = 7Tm2(b1)— Wml(bl),
Tm2(b)) = y1 < y2 = 71 (b))}

Then |A;| = vy, and each box in A; is a subbox of J and a canonical box of volume a.
There exists an i such that for each box b in A;, Q(b) satisfies C. Suppose thlS is not
true. Then there exist boxes b €A, b ,€A,, 1=i,<i,=1, such that both Q(b ) and
Q(b,z) satisfy C;, for some I, 1< I=t—1. Then by Lemma 7 it follows that Q(b,, ) must
satisfy C; and thereby not satisfy C which is a contradiction. O

Proof of Lemma 2. We shall give a proof for d =3, the proof for d =2 may be
constructed along similar lines. Fix a tree for the set of keys K. For the purposes of
the proof we shall restrict ourselves to canonical boxes that are subboxes of J. Note
that as K satisfies the conditions in Theorem 4 in § 3, a canonical box in B(n?™")
contains at most log, n keys in K, and so the query time T for such a box cannot
exceed T’ log, n. We shall show that if the conditions in Lemma 2 do not hold then
there must be a canonical box be B(n“ ") such that Q(b) satisfies cond(v) for more
than T'log, n vertices v. Then the query time for b would exceed T'log, n, and that
would be a contradiction.

Let |JN K|=csn, by Theorem 4 we know that such a ¢ exists. For each key
ke JN K, there are at least c,(log, n)?~ " boxes in B, N B(n“ ') that contain k, for some
constant ¢, dependent on d. Let 8 =2¢(T' log, n+1)“(log, n+1)**? and let ¢/(T', n) =
2re; ' (T log, n+d)“*®s. Let ¢, be a large enough constant such that
(T log, n)c(l/ - ”>2d(4¢f(T’, n)+6)% The constants ¢, and ¢, in Lemma 2 are given
by ¢, =c¢s/2 and ¢, = ¢/ 4.

For each key ke K, let

T(k)={b: be(B,NB(n"™")), ke(bNK)},
and let
V(k) ={v: kedata(v),Ibecr(k) s.t. Q(b) satisfies cond (v)}.

We note that for each box b € 7(k) there exists a vertex v € Y/(k) such that Q(b) satisfies
cond(v). For each ke JNK, |7(k)|= ci(log, n)* ™", and V(k)< V(k), where V(k) is
the set of boxes defined in Lemma 2 in § 2.2.
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Let K' be the largest subset of J/1 K such that

cs(log n)?™!

VkeK' |V(k)|z
MO cs(log, T'+log, log, n)* ™!

If |K'| = ¢sn/2 then the conditions in Lemma 2 are satisfied. So assume that |(J N K) —
K'|= ¢sn/2. With each key k in (J N K)— K’ we can associate a distinguished vertex
(k) and a distinguished set of canonical boxes A(k) satisfying the following condi-
tions:

(1) |A(k)|= ¢s(log, T'+log, log, n)* ™

(2) A(k)<= Z(k)'

(3) n(k)e V(k).

(4) For all be A(k), Q(b) satisfies cond (u(k)).
The query time for a box in B(n“’"') cannot exceed T'log, n, and hence for all
ke((JNK)—-K'), |data(u(k))|=T'log,n. Then [{u(k):ke((JNK)-K')}=
¢sn/2T'log, n. Let i be the set of all vertices » such that there are at least § vertices
in the set {u(k): ke ((JN K)—K')} that are also present in the subtree rooted at v.
As the degree of each vertex in the tree is at most r (r a fixed constant), |n|=
¢sn/2r8T' log, n.

For a vertex u, let num(u) be the number of canonical boxes b such that be B(n*™")
and Q(b) satisfies cond(u). Suppose we can show that for each vertex u in 7,
num(u)= ¢(T', n). From the lower bound on the number of vertices in 7 it would
follow that

Y num(u)=|n|y(T', n)>n(log, n+d)**' T

uen

Since |B(n“ ") =n(log, n+d)“"", we could then conclude that there is a be B(n?™")
such that Q(b) satisfies cond (u) for at least T’ log, n+1 vertices u in n, and that would
be a contradiction.

Let u be an arbitrary vertex in n other than the root. We have to show that
num(u) = ¢(T', n). With u one can associate distinct keys k,, k,, -+, ks in (JNK)—
K’,such that for each box bin U?_, A(k;), Q(b) satisfies cond (u). Let b(k;) =N bea(k) b.
Then for 1=i=34, b(k;) € B,, and b(k;) contains key k;. By Lemma 5, each of b(k;)
has volume at most n '/ (4y/(T’, n)+6)“.

Among b(k,), b(k,), - - -, b(ks) we can find 2¢(T" log, n+1)“(log, n+1) distinct
boxes of identical dimensions, say b,, b,, - - -, b;,. This is possible since the number of
possibilities for the dimensions of a canonical box is at most (log, n+1)“, and by
Theorem 4 each of b(k;) can contain at most log, n keys in K. Corresponding to
b,,b,, -, b, for1=m=d, let

L,= {[Trml(bj)a 7Tm2(bj))5 1=j= I}.

All the intervals in L, are of the same length, and any two intervals in L,, do not
overlap. Let t = T' log, n. Suppose that for some m, 1 = m = d, there exist t+1 intervals
[7m1(B),), Tm2(0;), [7m1(Dy,), ma(b; ) [mm(By, ), mwa(b;,)), in L, such that for
l=q=t, m(b;,,,)—7mm(b )_w(T’ n)(wmz(b,l) mmi(b;)). To each of these r+1
mtervals [wml(b s (b, )) there corresponds a dlstmct box b such that
[71(By)s Tma(By )= [wml(b )y Tma(b;)), b€ (B, NB(n"™")), and Q(b) satisfies
cond(u). The pathlength from the root to u does not exceed t—1, and so we may
apply Lemma 8 to these ¢+ 1 boxes and conclude that there are at least (T, n) boxes
b in B(n“ ") such that Q(b) satisfies cond (u).
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We shall now show that there exists a required collection of T'log, n+1 intervals
in some set L,,. Assume that such a collection of intervals does not exist. Then for
each m, 1 =m =d, all the intervals in the set L,, can be covered by T’ log, n intervals,
each of length at most (2¢/(T', n) +3)(7m2(b,) = 7n1(b;)). Each of the dT’ log, n cover-
ing intervals is closed on the left and open on the right, and has integer end points in
the range 1 to n+1. It then follows that the boxes b, b,, - -, b, are them-
selves contained in the union of (T’log,n)* boxes, each of volume at most
2y(T', n)+3)vol(b,). As each of b,,b,,- -, b, contains a distinct key, and [=
29(T" log, n+1)*(log, n+1), and vol(b,) = (4(T’, n)+6) “n’ ", it follows that there
is a box of volume at most n“~' that contains at least 2%(log, n+1) keys in K. This
box of volume at most n*~' can be covered by 2¢ canonical boxes of volume n“™".
Thus there must be a canonical box of volume n?! that contains at least log, n+1
keys in K, and since K is a set of keys satisfying the conditions in Theorem 4 this is
not possible. 0

5. Conclusion. We have obtained space-time trade-offs for orthogonal range query
in two models, the arithmetic model and the tree model. Most data structures used in
practice are rooted trees and so it may be worth studying more problems in the context
of Model B. We conclude by raising questions related to the tree model.

(1) Drawing an analogy with decision trees, what happens when the conditions
associated with tree edges are allowed to be comparisons involving linear or higher
order polynomial functions of the input? Do the bounds weaken in such a situation?

(2) What kind of bounds can one obtain for queries other than orthogonal range
query, say circular range query or polyhedral query?

(3) Can the lower bounds in the tree model be extended to data structures that
are directed acyclic graphs?
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