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We present an algorithm for linear programming which requires O(((m+n)n®+(m+n)"*n)L)
arithmetic operations where m is the number of constraints, and »n is the number of variables.
Each operation is performed to a precision of O(L) bits. L is bounded by the number of bits in
the input. The worst-case running time of the algorithm is better than that of Karmarkar’s algorithm
by a factor of vm+n.
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1. Introduction

We study the linear programming problem
max ¢'x
st. Ax=b

where AeR™ ", beR™ and c€R". We assume that the polytope defined by Ax=b
is bounded and has a non-zero interior. As the polytope is bounded we can assume
that m = n, and that the columns of A are linearly independent.

A polynomial time algorithm for the linear programming problem was first
presented by Khachian [6] using the ellipsoid method. Khachian’s algorithm requires
O(mn’L) arithmetic operations in the worst case, and each operation is performed
to a precision of O(L) bits where

L =1log,(largest absolute value of the determinant of any square submatrix of A)
+10g2(max ci) +log2(max bi) +log,(m+n).

In [5], Karmarkar presents an interior point algorithm which requires O((m'*n’+
m’n)L) arithmetic operations, each operation being performed to a precision of
O(L) bits. We present an algorithm for the linear programming problem which
requires O((mn”+ m'°n) L) arithmetic operations in the worst case, and it is adequate
to perform each arithmetic operation to a precision of O(L) bits. The algorithm
presented in this paper is thus faster than Karmarkar’s algorithm [5] by a factor of
v'm for all vaiues of m and n. It is also faster than Khachian’s ellipsoid algorithm
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by a factor of n for m < n’, and continues to be faster than his algorithm for m < n*,
(Typically, m and n are of the same order.)

In [8], Renegar gives an algorithm for linear programming which requires
O(m'*n’L) arithmetic operations. We build on the ideas in [8], and obtain a faster
algorithm. In our algorithm we construct a sequence P°, P', ..., P* ..., of smaller
and smaller polytopes which shrink towards the optimal vertex (facet). During the
kth iteration, we move from the center of polytope P*"' to the center of polytope
P* by performing a local optimization which consists of minimizing a linear function
over an ellipsoid. The total number of iterations performed by the algorithm is
O(vVm L), and on the average each iteration requires O(v'm n’+ mn) arithmetic
operations where the average is taken over all the iterations. Thus the total number
of arithmetic operations is O((mn>+ m'°n)L). When the algorithm terminates we
have a feasible point that is sufficiently close in objective function value to the
optimum over the original polytope, and we may then construct an optimal vertex
as described in Section 9 in O(mn?) arithmetic operations.

In Section 2 we give an overview, and describe the relationship with related work
[1, 8]. In Section 3 we give the algorithm. In Section 4 we give some properties of
the potentials used to measure convergence, and in Section 5 we describe the local
optimizations. In Section 6 we show how to amortize the number of arithmetic
operations. In Section 7 we show how to reduce any linear program to the format
required by the algorithm, and in Section 8 we show that O(L) precision is adequate
for arithmetic operations. In Section 9 we describe how an optimal vertex may be
obtained from a feasible point which is sufficiently close in objective function value
to the optimum.

At this point we note that a condensed version [11] of this paper appeared in the
Proceedings of the 19th Annual ACM Symposium on Theory of Computing, May
1987. We would also like to point out that a bound of O((m+n)’L) arithmetic
operations for linear programming has been independently obtained by Gonzaga [4].

2. An overview

Let P be the given polytope
P={x: Ax= b}

and let 8™ be the maximum value of the objective function ¢'x over P. Let
B% B, ..., BY ..., beastrictly increasing sequence such that lim,_. 8* = 8™*. Let
% denote the set of linear inequalities {Ax=b, ¢'x=B*}, and P* denote the
polytope P*={x: Ax=b, c"x=B"}. Let a] denote the ith row of the constraint
matrix A. The center of the system of linear inequalities 7* is defined to be the
unique point that maximizes the potential function

F¥(x)= § In(al x—b)+mln(c'x— ")

i=
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over the interior of the polytope P*. Since the columns of A are linearly independent,
F*(x) is a strictly concave function over the interior of P¥, and so the center of 7*
is indeed a unique point. We let w* denote the center of the system 7" Let f*(x)
be the normalized potential function given by f*(x) = F*(0*) — F*(x). f*(x) is a
strictly convex function. Furthermore, the value of F*(x) at w* is not required for
evaluating the derivatives of f*(x), and for computing f*(y) —f*(z) for a pair of
points y and z.

The algorithm generates a sequence of points x°, x', ..., x*, ..., such that x* is
in the interior of polytope P*, and x* is a good approximation to the center w* of
the system 7*. Specifically, each x* satisfies the condition f*(x*)=0.04. We shall
assume that B° satisfies the condition ™ —B°=2°") and that we have a point
x? such that f°(x%)<0.04. In Section 7 we show how to transform the given linear
program so that a required starting point x° is available. In the kth iteration, 8* is
computed as

Bk :Bk—l_'_(a/\/a)(chkfl _kal)

for some constant a. As the bounding objective function hyperplane shifts due to
the change in B, x*! may no longer be a good approximation to the new center
®*, and so a local optimization is performed to decrease the potential f*(x) and
obtain a better approximation x* to the center *. The local optimization consists
of minimizing a linear function over an ellipsoid. The sequence B°, B',..., 8% ...,
satisfies the condition

Bmax_ﬁks(l_a//\/'n—,l)(ﬁmax_ﬂkfl)

for some constant «' dependent on a. So the corresponding sequence of systems
w’,m, ..., 7% ..., induces a sequence of smaller and smaller polytopes
P° P',... P* ..., which shrink geometrically towards the optimal vertex (facet).
In O(v'm L) iterations we obtain a point where the objective function value is 27
away from the optimal value over the original polytope P, and we may then isolate
a set of constraints which define an optimal vertex of P as described in Section 9.

We shall now describe how to find x* from x*7'. It may be shown that if
Y x*""y=0.04and a < & then f*(x* ) =< 0.05. Thus at the start of the kth iteration
we have a point x* ' satisfying the condition f*(x*') <0.05, and we have to obtain
a point x* such that f*(x*)=<0.04. Let D be an m x m diagonal matrix such that
the ith diagonal entry D; satisfies the condition 1/(1.1(a] x*'—b)) <D, <
1.1/(aTx*""~b;)%. Let E*(r) be the ellipsoid defined by

E*(r) = {x: (et (ATDA ) x-xt )= rsz(x“>}
(e’ x"7" —B%)

where r is a suitable parameter between 0 and 1. We note that E*(r) is contained
in the polytope P*. Let n* be the gradient of f*(x) evaluated at x**. Consider the
power series expansion of f*(x) at x*'. Within the ellipsoid E*(r), the magnitude
of the second order term in this series is bounded by 0.55/2f*(x*™'), and the sum
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of magnitudes of the higher order terms is at most 0.17°f*(x*~")/(1—0.27r), whereas
the minimum value attained by the first order (linear) term within the ellipsoid is
less than —0.9r*(x*~"). So minimizing (n*)"(x —x*"), the linear term in the power
series, over the ellipsoid E*(r) will decrease f*(x) by approximately a factor of
(1-0.9r+0.55r%). Let z*(r) be the point that minimizes the linear function (n*)"x
over the ellipsoid E*(r). If 0.5<r=0.8 then z*(r) reduces the potential f*(x) by
at least 25% and f*(z*(r))=<0.75f%(x*™").

x* is computed as follows. From the theory of convex functions [13], z*(r) — x*~
satisfies the system of linear equations

1

m
(ATDA-FZW CCT)(zk(r) —xk~1) — _t(r)nk
for some scalar ¢(r) > 0. We first compute £, a vector in the direction of z*(r) — x*,
by solving the system of linear equations
m
(ATDA+————(chk_1 mpoE ccT) g =—nk
It is worth noting that the vector ¢* could be in a direction that is different from
the direction in Newton’s method [8]. Next, we find a scalar ¢* > 0 such that

0.018=< (t")z(g")T<ATDA +(ch,(_—’:'_3,()3 ccT> £<0.0196.

If 0.04=<f*(x*71)=<0.05 then x* '+ t*¢* minimizes the function (*)"x over the
ellipsoid E*(r,), for some r, in the range [0.6,0.7], and f*(x*'+*¢")=<
0.75f*(x* 1)< 0.04. Thus either f*(x*")=<0.04 or f*(x* '+ 1*£*) =< 0.04. It suffices
to let x* be that point where the potential f*(x) is lower among the two points x*!
and x* 71+ rkgk,

An algorithm based on the idea of producing a sequence of shrinking polytopes
together with a sequence of approximate centers was given by Renegar [8]. An
approach based on centers is also suggested in [1, 9] but without any analysis. In
developing our algorithm we follow Renegar’s approach, but there are two critical
differences which enable us to obtain a faster algorithm. First, closeness to the center
of a polytope is measured in a different manner. Renegar [8] measures closeness
to the center in terms of euclidean distance in a transformed domain, and shows
that a local optimization decreases the distance to the current center. We measure
closeness in terms of the potentials f*(x). Second, the local optimizations described
in this paper are quite different from Renegar’s [8], and can actually increase the
distance metric used by him in [8] to measure closeness to the center. Finally,
Renegar’s algorithm requires O(m'°n’L) arithmetic operations. Measuring local
convergence in terms of the potentials f*(x) allows us to amortize the number of
arithmetic operations, and obtain a bound of O((mn*+ m'*n)L) on the total number
of arithmetic operations performed by our algorithm.
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In [1] Bayer and Lagarias analyze an infinitesimal version of Karmarkar’s
algorithm, and study trajectories leading from each point to the optimum defined
by taking infinitesimal steps. It is interesting to note that the points «°,
w',...,®" ..., lie on such a trajectory that would be generated by starting the

infinitesimal version of Karmarkar’s algorithm at °. Thus our algorithm could also
be viewed as efficiently following this trajectory to the optimum.

3. The algorithm

In this section we give the actual algorithm. We assume that we are given a 8° such
that 8™ — B°=2°" and an x° which is close enough to the center »° of the system
of linear inequalities 7°={Ax = b, ¢"x = B°}. Specifically, f°(x”) < 0.04. In Section
7 we shall describe how to suitably transform the given linear program so that a
required B° and x° are available.

At the beginning of the kth iteration we have a parameter 8* ', and a feasible
point x*7" such that ¢"x*7'> g*" and £*'(x*7') < 0.04. We also have a diagonal
matrix D such that 1/(1.1(ax* "= b)) )< D, <1.1/(alx*'—b) for i=1,...,m.
During the kth iteration we perform the following computations in sequence.

(1) Bh=p" T+ (1/30Vm)(Tx" =T,

(2) Determine a direction ¢* by solving

(ATDA+ (chkAr:l__ 2 CCT) g =-n"

BY)
where 7* is the gradient of f*(x) evaluated at x* .

(3) Compute a scalar t*> 0 such that

5 ccT) £<0.0196.

< kN2 #kN\T T __rn__
00182 ()¢ ADA+ i

(4) IF £+ 1565 <5 (x*71) then x* = x* 71+ ¢k¢X else x* = x* 1.
(5) Foreach i 1si=m, if
D;<1/(1.1(afx*—b)") or D;>1.1/(alx*—b,)?
then
D;=1/(alx"—b)>.

The algorithm halts when ¢"x* — 8*<27"*" Each iterate x* is a good approxima-
tion to the center »*, and satisfies the condition f*(x*) < 0.04. It is this property of
the algorithm which leads to a bound of O(v'm L) on the number of iterations.
Using this property we can show the following theorem.
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Theorem 1. If m=16 then for all k, ¢c"x* — g*=0.4(™> - g%). O

From Theorem 1, it follows that
BT~ B = (1-0.4/(30vm))(B™ — B*7),

and since B™** — B =22 ¢Tx* — B* must fall below 27" in O(v'm L) iterations.
Thus the algorithm halts in O(v/'m L) iterations. From Theorem 1, it also follows
that when the algorithm halts, g™ — ¢ x*<1.25x27"*", Then, as described in
Section 9, using the final point generated by the algorithm an optimal vertex may
be computed in O(mn?) arithmetic operations, each operation being performed to
a precision of O(L) bits.

The proof of Theorem 1 is based on the following lemmas. For the lemmas below
we assume that m = 16.

Lemma 1. For all k,
Tk~ BF=0.5(8m" - %),
and if f*(x)=<0.04 then
[cTw* —cTx|/(cTw* - B*)<0.4/V2m. O

Lemma 2. For all k, if f* '(x*~')<0.04 then f*(x*"")=<0.05. O

Lemma 3. For all k, if 0.04< f*(x*7")=<0.05 then f*(x* '+ *¢) < 0.04.

Lemma 1 follows from Lemmas 4 and 5 which are proved in Section 4. Lemma
2 follows from Lemma 7 that is also proved in Section 4. A proof of Lemma 3 is
given in Section 5. From Lemmas 2 and 3, it inductively follows that for all k,
f*¥(x*)=<0.04. Theorem 1 then follows from Lemma 1.

4. Potential functions

We shall study some properties of the potential
F(x)=Y In(a/x—b,)+mlIn(c"x—B)
i=1

and the point w that maximizes F(x) over the polytope P? ={x: Ax=b, ¢'x=p}.
We note that @ is a unique point since F(x) is strictly concave. (F(x) is strictly
concave since the polytope is bounded and has a non-empty interior.) Let f(x) be
the normalized potential given by f(x) = F(w)— F(x).
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Lemma 4. For any point x in the polytope P*,

5 (aix—b) ¢'x—B _

=2
Z@w-b) "cw-pg "

and

c'w—-B=0.5(c"x—B).

Proof. A proofis given in [8] but we sketch one for completeness. Since the gradient
of F(x) vanishes at o, taking the dot product of the gradient of F(x) at o with
X —w gives

m al(x—w) cT(x—w):

)

T
i=1 a,«Tw—b,- C(l)—B

0.

The lemma then follows. [

The next lemma states that if x and w are close in potential then the value of
alx (as well as ¢"x) at x and at w can differ only by a small amount.

Lemma 5. If f(x) <1818, where 0= 8 <1, then
laix —ajow|/(ajo—b)=8, 1sism,
and

fcTw—cx|/(c"w—B)=<8/V2m.

Proof. Suppose that f(x)=38>—18°, where 0=6<1. Let y(x)=
(aix—alw)/(ajw—b;)fori=1,2,...,myandlet ;(x)=(c"x—c'w)/(c"w — B) for
i=m+1,...,2m. We note that the coordinates ¢,(x) were introduced in [8,9].
First, we shall show that

\51 Ui (x)* = 87 (4.1)

From (4.1) the first inequality of the lemma is immediate. As f(x) is strictly convex,
the minimum value of f(x) over the region {x:Y" ¢:(x)*= 8, Ax=b, ¢'x=p}
occurs on the boundary of the ellipsoid 2(8) = {x: Zfrl Yi(x)?= 8%}. We shall lower
bound the value of f(x) on the boundary of X(5). We have that

ﬂm=—§mm+%u»

Using the Taylor series expansion for In(1+ ;(x)}), within the ellipsoid X(8), f(x)
may be expressed as
e (D)
)= ¥y ———.

i=1j=1
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From Lemma 4, Zf:’l P;(x)=0. Also, on the boundary of the region X(8),
2m o (_1 J (x J
s UMY
i=1j=4 J

Thus on the boundary of X(8),

2m
£0)> T (P ~dunx)’
> L (x)(4=10) (since [4y(x)|<)
> 8- 10).
(4.1) above then follows. Then

f ()] < 52,

and since Zf;"l Yi(x) =0 and ¢, (x)=" - - = ¢,,(x), we get that

2m c'x—c"

Y lc/f,-(x)|=m—'—T——(ilé Bv%m. 0

i=m+1 cw-p

We note that Lemma 1 in Section 3 follows from Lemmas 4 and 5 above.
Let F'(x) be the potential defined as

F'(x)= g In(a]x—b,)+mlIn(c"x—B"),

and let ' be the point that maximizes F'(x) over the region {x: Ax=b, ¢'x=p'}.
Let f'(x) = F(w')— F’'(x) be the normalized potential corresponding to F'(x). The
next lemma bounds the change in objective function value at the center due to
change in the parameter B.

Lemma 6. Let B'=8. Then c'w'=c"w and ¢c"w' —c'w < B’'—B.

Proof. A proof is given in [8] but we shall give it here for completeness. Let
x()=B+1t(B'—B), and let w(t) be the point that maximizes the function

F(x)= ¥ In(alx—b)+mIn(c"x —x(1)).

Since

T ' ofd
'w'—c'w= 1)) de
cw—-cw J:)c(dtw())

it suffices to show that

T i < R'—
O0=c¢ (dtw(t))\ﬂ B.
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As the gradient of F,(x) vanishes at w(?),

g 1 + m c=0
LaTe(-b " el —x(n

Difterentiating the above expression w.r.t. t, and rearranging gives
m 1 \/ d )
— L T T o aaa; )| oelt
(-£ ooy e (Grew

=(m(cT(d%w<t>) —%x(:))/u%(n—x(of) c.

The dot product of the left hand side of this equation with (d/d¢)w(¢) is negative
since the matrix on the left side is negative-definite, and so from the right hand side
of this equation we get

() =( )0

Since (d/dt)x(1) = B’ — B =0, we may conclude that 0= ¢"((d/dt)w(t)) < B'— B, and
the lemma then follows. [

The next lemma bounds the change in potential at a point due to change in the
parameter S.

Lemma 7. Let x be a point in the interior of the polytope PP ={x: Ax=b, ¢c'x = B8}
such that f(x)<16°—18%, where 0<8<1. Let

B’ =B+ (a/Vm)(c"x~pB),
where a = 0. Then

o ad a*(1+8/V2m)?
SRSt S T A= a/Vm—ad/(Bm)

Proof. We may write f'(x) as

e ('x=p)(c'0—p)
FE)=f)+f (@) +m 1n((ch_ BT ﬂ))-

We have
(c'x=p)cfw=p) _  (B'=p)c'w=cx)
(c™x—B)(c"w~p) (e"x=p)c"w—B)

LS S

m v2(1—a/vVm)

=1 (by Lemma 5).

Thus

mln<(ch—B)(cTw—,B')> ad

(x— B w—pB)) VA1 -a/im)
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Next,
CT(D,—‘B’: CT(A),—B <1+(B,—B)(CT0),—CT(1))>
cTw—-B cw-8 (c"w' = B)c"w—B)
_cw'-B (B'~B)
D ﬁ+(C o= B)(Cw—) (by Lemma 6)
<0Tw’—ﬁ+ @’ (1+8/V2m)?
T Tw—B m(l-a/Vm—ad/(V2m))
(by Lemma 5 and definition of B8').
Then

afe’ - b o' —B'
fw)= Z ln( T b,«>+mln<_——cTw—B'>

T v T 7 ’

m (a;w —b cw—pB
=Y | F—-1)+m|lF—F-1
i; (aiTw - b > (CTCU -B )
m T b T, r__
=¥ a;w' —b, cw'—-B

i=1 a,»Tw—bi CTCL)—‘B

+a*(1+6/V2m)* (1 —a/Vm—ad/(~2 m)) .

—2m

From Lemma 4,

T,

malw'—b, o —-B
+ -2m=0.
igl a,—Tw—bi mCT(U“B 2m=0
Thus
(1+68/V2m)?
)= a (1+3/v2m) 0

(1-a/Vm—ad/(V2m))

We note that Lemma 2 in Section 3 follows from Lemma 7 above.

5. Local optimizations

In this section we describe the local optimizations, and show that x* the point
computed during the kth iteration, sufficiently reduces the potential f*(x). We shall
first collect together a few definitions. Let F*(x) be the potential defined as

F*(x)= rﬁ In(afx—b,)+mIn(c"x~ B*)

and «* be the point that maximizes F*(x) over the region {x: Ax=b, ¢'x=g*}.
Let f*(x) = F*(0*)— F*(x) be the normalized potential corresponding to F*(x).
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Let x*7! be the point at the beginning of the kth iteration. Let n* be the gradient
of f¥(x) evaluated at x*~', and let D be a diagonal matrix such that 1/(1.1(a/x* "~
b)Y )<D,<11/(aTx* ' —b,)>. x* is obtained from x*! as follows.

(1) Determine a direction £* by solving the system of linear equations
(ATDAJ'—(?XI‘—_T——,BW ccT) &=—n*

(2) Next, compute a scalar t*> 0 satisfying the condition
0.018 < (tk)z(g")T<ATDA+(c—Txk—_lm—_W ccT> £4<0.0196.

(3) If fR(x* 71+ £4F)) < fX(x*Y) then x* = x* 7'+ 1*¢" else x* = x*71.
It is adequate to show that if f*(x* ') exceeds 0.04 then x* '+ ¢*¢* sufficiently
reduces the potential f*(x).

In this section we shall prove an alternate lemma for Lemma 3 which was
introduced in Section 3, i.e. Lemma 8 below, and Lemma 3 will follow as a
consequence of Lemma 8. We shall require some additional notation. Let E*(r) be
the ellipsoid

E*(r)= {x: (x— xk1)T(ATDA4—*———(CTX,(}1n_Bk)2 ccT>(x -x Y= rsz(xk"l)}

where r lies between 0 and 1. Let z*(r) be the point that minimizes the linear
function (n*)"x over the ellipsoid E*(r). Let H* denote the Hessian of f*(x)
evaluated at x*'. Note that H* may be written as

m 1

H*= - aal+ - ccT,
El(aiTxk '-b)* ("x* 7 = gky

and n* may be written as

m 1 m
k
= - a;+ — cl.
n <i§1 a’irxk-l_bi Tk 1__Bk )

Lemma 8. Suppose that 0< f*(x*")<16>—18°, where 0< 8 <1. Then

)<A= pr+0.5577 + ) 5 (x5 ),

where

o 6j 1/2
“"(1“5)/(1'150(j+1>(j+2)>

and

v =211V A=V (R Y).
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Before proving Lemma 8, we shall show how Lemma 3 follows from Lemma 8.
As z"(r) minimizes (n*)"x over the ellipsoid E*(r), from the theory of convex
optimization [13], it follows that z*(r) — x*~' satisfies the system of linear equations
(given by the Karush-Kuhn-Tucker conditions),

(—ﬁ#ﬂ ccT)(zk(r)—xH) =—1(r)n",
for some scalar t(r)> 0. So ¢*, the direction computed during the kth iteration, and
z"(r)~x*"! are in the same direction. Furthermore, when f*(x*"!) is in the range
[0.04,0.05], x* '+ t*¢* equals z*(r,), for some r, in the range [0.6, 0.7]. So from
Lemma 8 we may conclude that if 0.04< f*(x*"1)=<0.05 then f*(x* '+ 1"¢") =
0.75f (x*"")=<0.04.

We shall now give a proof of Lemma 8.

( ATDA+

Proof of Lemma 8. Let x be a point in the ellipsoid E*(r). Write x as x =x*"'+1£
where ¢ is a scalar. Using the power series expansion at x* ', f*(x*'+ t£) may be
written as
ST ) =R+ () T+ T H Y E
(= 1)’t’( n (ajgy m(c'¢y )
+ - - ).
Z j lzl (aT k— l_bi)j (CT k—1 'Bk))
Since 1/(1.1(a;x* '~ b,)* )<D,,<1 1/(alx*1=b,),
n (a9’ m(c'¢)’
%tszkazé’fz( > (@ %' — bi)2+ (cTx* 1 gF)?

i=1

=}(1.1) £ <ATDA+(—CT_X’<_1mT'3T)5 CCT)§
<0.5572F (x* ). (5.1
Next, note that for j=3,
Z <o’ = Z [6:F <|of.

So from (5.1) we can conclude that for j =3,
',j( n_ (@ley L m(cTgy

- 2,ky  k—1\\j/2
igl(a'?‘xk—l_bi)j (chk~1_Bk)j>,\(l‘1rf (x*7))Y7"

Thus

) )

-+ A
j=3 J i= 1(0T k- l_bi)j (CT - l_ﬂk)'l
<y jl_(l.lrsz(xk‘l))j/z

r3 /fk(xk——l)
V1172 (x5

(g ey mele )]

FREY. (5.2)
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From (5.1) it follows that within the ellipsoid E*(r) the magnitude of the second
order term in the above series is upper bounded by 0.55r2f*(x*~"). (5.2) gives an
upper bound on the sum of the magnitudes of the third and higher order terms in
the above power series for a pointin E*(r). Next, we shall lower bound the maximum
change in the linear (first order) term that is possible within the ellipsoid E*(r).

Such a bound is provided by Lemma 9. Let x’ be the point where the line joining

x*7! and w" intersects the boundary of the ellipsoid E*(r). By Lemma 9,

(1) (¢ =X = —prf ().

Since (9*)"z"(r) <(n*)"x’, the lemma follows from Lemma 9 and the upper bounds
given by (5.1) and (5.2) on sum of the second and higher order terms in the above
power series. [

Lemma 9. Let x' be the point where the line joining x* ' and w* intersects the boundary
of the ellipsoid E*(r). If 0<f*(x*"")<16”-16°, where 0<5<1, then
(") (= %) < —purf (5

where

') 51' 1/2
“=“(1"5)/(1‘150(1“)(#2)) ‘

Proof. Let x* ' —x'=Au, where u is the unit vector in the direction of x* ' —x’,

and A =||x* ' —x'||,. We have

AZUT<ATDA+(_CT_xk—~r1n_—Bk—)2 CCT) u= erk(xkﬂ).

Since 1/(1.1(a]x* ' - b)) < D;<1.1/(al x* ' = b,)?,
AMuTH*u= 2 (x*"YH/1.1.
Thus
A= r(fA RN/ (1w H ) V2
Hence
VD ()T
V1.1 u"H*u

et ()" - 0")
m \/fk(xkxl)\/(kal_wk)THk(xk41_wk)'

(") (= x) =

(5.3)
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Let yi=(a/x*"'-alw*)/(alw*—=b) for i=1,...,m,
("X '—c"w")/(cT0* ~ B¥) for i=m+1,...,2m. Then

1) =) = 3 (—l;—l),

i=1
(-0 HA (0¥ = T (#—1)

and

From Lemma 4 in Section 4,

2m
;1 y:=0.

and

let

Vi=

Since f*(x* ') <38%—18°, where 0< 8 <1, from Lemma 5 in Section 4 we get that

lvl=<s6, i=1,2,...,2m.

We can thus apply Lemma 10 below, and from (5.3) above conclude that

(n")T(xk"—x')Zrf"(xk'l)x/(l—ﬁ)/(l-l > >

=0 (j+1)(j+2)

1/2
)" o

Lemma 10. Suppose that Zf:" =0, L7 In(1+y,)<0 and |y|<8<1 for i=

1,2,...,2m. Then

2m 1 2m 1 2
——1)=(1-6 ——1
i§1(1+y,— ) ( ),-;(H—y- >

i

5 () Sl e
=1 \1t+y; /izl 1 l+y,» j§0(j+l)(]'+2).

Proof. Since Y., y,=0,

and
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Next, as Y27 y; =0,

2m 1 2m
El 1n(1+yi> - E’l (y:—In(1+y,))

y: (1+y)(—In(1+y))
yi#0 <i=m 1+ Y y? )

Using the Taylor series expansion for In(1+ y;), for y, # 0 we get

(1+yi)(y1'“ln(1+yl’)):l+ - (_1)j+1y{
»: PS GG +2)
o 61

SLGT0G)

(%)
11+y1“

as |y =< 8.

Thus

3

™

2m 1 o0 s/ 2
igl hl(l +}’i> = <j§0 (+ 1)(j+2)) i

The lemma then follows. O

6. Amortizing the number of arithmetic operations

In this section we show that the total number of arithmetic operations performed
by the algorithm is O((mn*+ m'*n) L). The amortization of the number of arithmetic
operations is similar to the one in [5)]. The total number of arithmetic operations
is determined by the number of operations required for the following computations.

(1) Solving systems of linear equations to determine the directions &,

(2) Computing the gradients 5" of the potentials f“(x) and computing the scalars
k
t.

In the kth iteration we determine a direction ¢“ by solving the system of linear
of equations

(ATDA+

e

where n* is the gradient of f*(x) evaluated at x*™*, and we find a scalar t* such that

0.018< (t")z(g")T(ATDA+ 5 ccT) £<0.0196.

m
(CTxk‘l _ Bk)
The gradient n* can be computed in O(mn) operations, and once we have £ a
required ¢* may also be obtained in O(mn) operations. The total number of iterations
is O(vm L). So the total number of operations required to compute 1" and
scalar t* over all the iterations is O(m'°nL). We maintain (ATDA) ™" and update it
whenever the matrix D changes. Once (ATDA) ' is available, (A"DA+
(m/(c"x*' = %)) ec™) ! may be computed in O(n?) operations as the two matrices
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differ by a rank one matrix, and then £ may be obtained in O(n?) extra operations.
We shall show that the total number of operations required to maintain (A"DA)™"
during the entire execution of the algorithm is O(mn’L), and then the desired bound
on the total number of arithmetic operations performed by the algorithm follows.

At the end of the kth iteration D is updated as follows. For i=1,..., m, the
ith diagonal element D, is reset to 1/(a/x*—b,) if D,;g[1/(1.1(a/x"~b))?),
1.1/(a7x* — b;)*]. Suppose that D' is the matrix obtained by changing the ith diagonal
element of D to d'. Then

A"D'A=A"DA+(d' - D;)aa’ .
Thus whenever an element of D is changed, A" DA changes by a rank one matrix,
and hence (A"DA)™" changes by a rank one matrix. Therefore when an element of

D is changed, (A" DA)™" may be updated in O(n?) operations, using the rank one
update formula

(B+uw™) '=B'-B 'uww'B'/(1+v"B 'u).

So to obtain a bound of O(mn’L) on the total number of operations required to
maintain (ATDA), it is sufficient to show that the total number of changes to the
matrix D during the entire execution of the algorithm is O(mL).

Let

¢ =In((afx* = b;)/(aix"" = b,))l.

Suppose D;; was reset at the /th iteration and at the jth iteration but was not reset
between the I/th and jth iterations. Then Z'L:,H ¢¥=1n(1.1), and the total number
of times Dj; is changed during the execution of the algorithm is O(Z,’(:] ¢¥), where
I is the number of iterations performed by the algorithm. Thus, the total number
of changes to D is O(X/~, Y, _, ¢%).

Aboundon Y., Z,’(Zl ¢! may be obtained as follows. x* lies within an ellipsoid
around x*7', and x* —x*"! satisfies the condition

(xk—xk*I)T(ATDAﬁ- 5 ccT)(xk—x"l)SO.0196.

(CTxkfl_Bk)
Since at the start of the kth iteration, for i=1,...,m D;e€
[1/(1.1(aTx*"' = b))%, 1.1/(a] x* "= b,)*], it follows that

m [ alx*—b ?
———-1) =1.1x0.019
igl (a;rxkl"bi > 6.
and thus
T _k
m a;x“—b;
igl <m—l)‘$l.lxo.0196xm.

Then using the Taylor series expansion for the natural logarithm, it is easily shown
that ¥, ¢+=0(vm), and since I, the number of iterations, is O(vm L) we may
conclude that ¥ ¥, | ¢¥=0(mL).
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7. Recasting a linear program into the required format

In this section we show how to transform the given linear program so that a suitable
starting point for the transformed program is available. There are several ways to
carry out such a transformation. The one we give is similar to the one in [8].
However, there is one critical difference. The transformation given in [8] can increase
the parameter L by a factor of n in the worst case, whereas the transformation given
in this section can increase L by at most a constant factor. The given linear program
is

max p'z
st. Hz=gq

where zeR™, peR™, geR™, and H e R™™", We reserve A, x, b and ¢ to refer to
a linear program that is already in the required format. Let

L, =log,(largest absolute value of the determinant of any square submatrix of H)
+Iog2<max p,») +log2<max q,—) +log,(m,+ny).

Note that:

(i) If the given linear program has an optimal solution then every optimal vertex
z°" satisfies the condition [|z°" .= 2".

(ii) If the polytope {z: Hz = q} is unbounded then there is a feasible solution z
such that | z7|,=<2".

Let teR, let e R™ be a vector given by e"=[1,1,...,1], let A = m;n,2*", and
let w =27°"1. Let h] denote the ith row of H. The transformed linear program is as
follows.

£

max p'z+ut
st. hiz—(A+g)t=—-A, i=1,2,...,m,,
—e"Hz=—),
zz—=A, j=1,2,...,n,
—zz-A, j=1,2,...,n4,
~At= -,
(m+1D)A+eTg)t=-A

Let m=m;+2n,+3, and let n=n,+1. Let AcR™*" denote the constraint matrix,
beR"™ denote the right hand side of the constraints, c€ R" denote the objective
function vector, and x e R" denote the variables in the transformed linear program.
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Note that ¢"=[p”, u] and x" =[z", t]. The transformed linear program may be
written as

max c¢'x

s.t. Ax=b.

The transformed problem has the following properties.

(a) Since ((m+1)A+e"q)>0, t is bounded, and thus the polytope {x: Ax = b}
is bounded.

(b) Let

L =log,(largest absolute value of the determinant of any square submatrix of A)

+10g2(max c,-) +log2(max bi) +log,(m+n).

Then L=40L,. The bound on L follows from the observations that the largest
absolute value of the determinant of any square submatrix of A is at most (m;+
n,)°2%"1, and that max; b, < m;n,2°" and max; ¢;< 2",

{c) 0 is feasible. Since the sum of the rows of A is the zero vector and all the
coordinates of b have the same value, the gradient of the function /", In(a/x — b;)
vanishes at 0. Furthermore, as the polytope {x: Ax = b} is bounded, 0 is the unique
point that maximizes the function ;" | In( arx—b,).

(d) A point

N

1

is feasible for the transformed linear program iff Hz=gq, e' Hz< ) and —A <z <A,
j=1,2,...,n.

(e) p is large enough so that if there exists a feasible point with ¢ =1 then every
optimal solution has ¢=1. This is because the minimum vertex to vertex variation
of the function ut exceeds the maximum change in the function p’z over the entire
polytope {x: Ax = b}.

We shall now show that 0 is an adequate starting point for running the algorithm
in Section 3 on the transformed problem. Let 8°=—m>2°", Let

F(x)= § In(alx—b;)+ mIn(c"x - B9,

and ° be the point that maximizes F°(x). Since the magnitude of 8° is large enough,
ImIn((c"0’=B%)/("x~B))|<1/m

for any point x in the transformed polytope. Thus, F’(w®) — F°(0) < 0.04 as required,
for m=4.
Finally, we have the following easily shown lemma.
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Lemma 11. Let

Zopt
[ t°"‘}

be an optimal vertex in the transformed linear program.
(i) If t°"' <1 then the original linear program is infeasible.
(i) Ift°P'=1, e"Hz°" <A and |29™|<A, j=1,2,...,n,, then z°* is an optimal
vertex in the original linear program.
(iii) If t°"*=1, and either |z{™|= A, for some j, or e" Hz°" = A, then either the
original problem is unbounded or z is an optimal solution. In this case the transformed
problem is solved again with A replaced by 2\ to obtain a new optimal point

Z*

t*]
If p'z*> p"z°" then the original problem is unbounded, otherwise z°* is an optimal
solution. O

8. Precision of arithmetic operations

During each iteration of the algorithm, a direction is obtained by solving a system
of linear equations whose matrix is symmetric positive-definite. The error in the
solution of such a system of linear equations is directly related to the extremal
eigenvalues and the condition number of the matrix describing the system, and the
precision used for arithmetic operations [10, 12]. In the first part of this section we
shall bound the entries in the matrix D, and also the extremal eigenvalues and the
condition number of the matrices arising during local optimization at each iteration.
The bounds obtained will be valid during the entire execution of the algorithm.
Using these bounds we shall argue that it is adequate to maintain (ATDA) ' to an
accuracy of yL bits for some constant y. Then in the second part of the section we
shall describe how sufficient accuracy in (A" DA) ' may be maintained during rank
one changes using O(L) bits of precision.

8.1. Extremal eigenvalues and condition number of local optimization matrices

As before let x*~' be the point at the beginning of the kth iteration. During the kth
iteration we determine a direction ¢* by solving the system of linear equations

m
(ATDA+W CCT> §k = —’nk

where D is a diagonal matrix such that D; € [1/(1.1(afx* ' =b;)), 1.1/ (aix* ' = b)],
and

m 1 m
k
no= _<i§1 ax" ' —b a;+ Xk gk C)
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is the gradient of f*(x) evaluated at x*~'. We maintain (A"DA) ' by performing
rank one changes, and compute (A"DA+ (m/(c"x* ™'~ B*)*)ec™) ™" by a rank one
change to (ATDA)™".

We shall first bound the entries in D. Note that the absolute value of a/x—b,
and c¢"x for all feasible x is upper bounded by 2**. Thus

aTx* 1= p <24,

Moreover we may assume that ¢"x* ' — B*71> 273! (since the algorithm halts when
c"x*¥— B* is less than 27"*"). Next, we shall lower bound the value of a;x*'—b;,
for 1<i<m. Let B! be obtained by rounding B8*~' to 15L bits. A vertex of the
polytope {x: Ax=b,c'x=B""} has rational coordinates with a common
denominator which is at most 2'°*, and so the maximum change in the value of
alx—b; over this polytope is at least 27'°%. Thus, the maximum value of a]x — b,
over the polytope {x: Ax=b, ¢"x=B*'} is at least 27'°". Then from Lemma 4 in
Section 3,

ale* '—b;=27""/(2m),

where @* ! is the point that minimizes f*'(x). Furthermore, as f* '(x* ') <0.04,
from Lemma 5 in Section 3 we get that

alx*'—b;=27"/(4m),
for m = 16. Thus from the bounds on a!x* '—b, and the manner in which D is
updated, we may conclude that the entries in D are upper and lower bounded by
2% and 27*" respectively.

Before obtaining bounds on condition numbers and eigenvalues, we shall define
some standard notation [10, 12] that will be used throughout this section. For a
matrix B, let A,..(B) and A,;,(B) denote the largest and smallest eigenvalues of B.
The 2-norm of B, denoted | B|,, is defined as

”B“2 =V )\max(BTB)-

The frobenius norm of B, denoted | By, is defined as
g 1/2
iml=(£ 3 5)"
i=1j=1

where p and g denote the number of rows and columns of B respectively, and Bj;
denotes the ijth element of B. Note that for a p X p matrix B, ||B|,=<|B|r, and
| B|[r<+vp||B|,. For a list of the properties of these norms the reader may refer to
[10, 12]. The condition number of B, denoted «(B), is defined as

k(B)=| Bl B

Note that if B is symmetric positive definite then
K (B) = Amax(B)/ Amin(B), (8.1.1).
[ Bll2= Amax(B) (8.1.2)
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and
B~ 2= 1/Amin(B). (8.1.3)

We shall now obtain bounds on the extremal eigenvalues and the condition
number of the matrices involved in the computation at each iteration in the algorithm.
Note that D, ATDA and ATDA+(m/(c"x* ' —B*)*)cc’ are symmetric positive
definite matrices. From the bounds on the entries in D it follows that

278 < A (D) < Ao (D) < 238, (8.1.4)
An elementary argument using rayleigh quotients [10, 11] shows that

Amin(ATDA) 2 A in(ATA)A (D) (8.1.5)
and

Amax(ATDA) < Ao (ATA)A oy (D). (8.1.6)

Next, we bound the eigenvalues of ATA. We have
1 Ax[l. < | Allellxfl <25 x|,

Also,
[xl=< A El A x|,

where A, is an n X n submatrix of A of rank n. By definition of L each entry in A"
is at most 2", and hence

lIx[l2 =< 2% Ax|l..

Thus
TATA
Amax(ATA) = max o < 22t (8.1.7)
x X x
and
xTATA
Amin( ATA) = min —xx/f“. (8.1.8)
From (8.1.4)-(8.1.8) we may conclude that
27 = A (ATDAY = AL (ATDA) < 2785, (8.1.9)
Furthermore,
mln(ATDA+—(_?—_kl_-ﬂ cc ) mm(ATDA)>2 124 (8.1.10)

and
m
Amar| ATDA+————— ccT)
( (CTxk 1_Bk)2

\)\max(ATDA)-FAmx(er??ﬁ—k); ccT> 2%k (8.1.11)
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From (8.1.1), (8.1.9), (8.1.10) and (8.1.11) we get that
k(ATDA)=<2°°F
and
m
K (ATDA+mk—)2 CCT> <2
Let y be a fixed constant greater than 200. We maintain an approximate inverse
(AYDA);" of ATDA such that
(ATDA);'=(ATDA) '+ A
where ||A],<27"". Then, from the above bounds on condition numbers and eigen-
values, and noting that ¢"x* 7' —g*=27"" it is easily shown that
m(ATDA); 'ccT(ATDA);" _(
("X = B*)+mc"(A"DA) e

-1

(ATDA); - ATDA+—(—CT_XE:’,11—_‘I)E CCT> +4'
where [|A’|l, <277 Once the approximate inverse (AT DA); " is available, x* '+
t“&* is obtained as follows. First, the gradient n*, the approximation to (ATDA+
(m/(cTx* ' =B*)*)ec™)™! given by the above formula, the direction &%, the scalar
t*, and x* '+ t*£* are all computed using 2yL bits of precision. Then each coordinate
of the point x*~'+ t*¢* is rounded off to 40L bits.

Finally, as | n*[.<2>*, and t* <2%%, it is easily shown that the error in x* ™'+ ¢*¢*
is O(27*°%). Then the potential difference between the computed and the exact value

of x* '+ 1*&* is neglible.

8.2. Maintaining accuracy in the inverse

Here we shall briefly describe how to maintain accuracy in (A"DA) ™" during rank
one changes. Let B denote the matrix A" DA before a rank one change, and let
B+uv”, where ueR”, veR", denote the matrix ATDA after the rank one change.
Given an approximate inverse B’ of B, we must compute an approximate inverse
of B+uv". We may restrict ourselves to the case where v is either u or —u, because
whenever the ith element of D is updated, ATDA changes by a rank one matrix of
the form d'a;a; , where d' is some scalar. Let us assume that an approximate inverse
B’ of B, such that

BB'=1+E, and |E|,<2 """

for some constant vy,, is available. Furthermore, let us also assume that each entry
of B’ is represented using vy, L bits for some constant v,. A good approximation to
(B+uv")™" is computed as follows.

(1) Compute an initial approximation B"= B’ — B'uv"B'/(1+ v B'u).

(2) (B+uv")(B")=1+E,+E,, where E, is a constant rank matrix computable
in O(n’) operations. An adequate approximate inverse of B+uv" is obtained by
rounding the entries in B”"— B"E, to multiples of 27 72",
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Let B"— B"E,+ E; be the computed approximate inverse of B+ uv". Then
(B+uv™)(B"—B"E,+ E;)=I1+E,—(E,+ E,)E,+(B+uv")E;.

We shall obtain an upper bound for | E,|, in terms of || E,|,. Using this bound we
shall show that it is possible to choose y; and v, so that

| Ey—(E,+ Ex)Ex+(B+uv")Esll,< (1+27H) | Ey|,.
Note that from (8.1.2), {8.1.3) and (8.1.9) in Section 8.1 it follows that
272l <1/|B7Y,=<|B|,=2**" (8.2.1)
and
271/ ||(B+uv™) |, < ||B+uo||,=<2%" (8.2.2)

Next, we obtain a lower bound for 1+ " B’u. Using the rank one correction formula
for the inverse of a matrix, we may write

(B™'u)(B™'v)"/(1+v"B'u)=B'—(B+uv")",
and so

(B~ u)(B™'v) |k
1B~ e+ (B+uv™) ||

1B ull|B "ol
Va(1B L+ B+ wo) )

=27 ul,)vl. (from 8.2.1, 8.2.2).

1+ "B u|=

Noting that B'=B~'+ B 'E, we get
1+ v ' B'ul=|1+0v"B 'u|—|v"B ' E,u|
=27 = BT | Edli) w2l 0]l (8.2.3)

Next, observe that
E,=—E,uv"B’/(1+v"B'u)
and hence
I Eall2< || Esll2ll B' a1l 0]lo/ [t + " B'ul
213L
= L
2790L_212 ”E1”2
From the bounds on ||E,|,, and on ||B+uv'|,, it follows that we may choose
suitably large values for the constants y, and v, so that |E3|,, |E,Eal,, and

|(B+uv")E;|, are each less than 27“*?|| E,||,. Choosing v, =300 and y,= vy, + 50
suffices. Then

|E,—(E\+ E)) E,+(B+uv")Es|,< (1+2 5| E .

|E.|l, (from 8.2.1, 8.2.3).

Thus the error in the maintained approximate inverse of ATDA grows very slowly.
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As before let (A"DA)," be the maintained approximate inverse of ATDA, and let
(ATDA)(ATDA);'=I+E.

Suppose initially || E|,<2~*V". Then from the above bound on the growth of the
errorin (A"DA)"' we may conclude that after j rank one changesto ATDA, j<m+n,
IE|,<(1+27"Y2 ™"Vt Thus for j<sm+n, |E|,<2 " After m+n rank one
changes to ATDA we can recompute (ATDA);" by directly inverting A" DA. (This
recomputation is performed at most O( L) times, and so does not increase the running
time of the algorithm.)

As mentioned in Section 8.1, we require an (ATDA);"' such that

(ATDA),'=(ATDA) '+ 4

where ||A[,<27"". Itis easily seen that A = (A" DA)™'E. So from (8.1.2) and (8.1.9)
in Section 8.1 it follows that if y,= y+50 then ||A],<2"". So from the other
requirement on vy, , we can conclude that choosing y, = max{y+ 50, 300} is adequate.

Finally, since each entry in B’ is represented using y,L bits, the intermediate
matrices B”, E, and B"— B"E., in steps (1) and (2) above may be computed exactly
using rational arithmetic and O(L) bits of precision.

9. Finding an optimal vertex

In this section we describe how to find an optimal vertex by performing at most
O(mn?) arithmetic operations to a precision of O(L) bits, once a feasible point that
is sufficiently close in objective function value to the optimum is available. Let £
be a point such that

AX= b,

cTX=p™—¢
where £ =2""*" and 8™ is the maximum value of ¢ "x over the polytope {x: Ax = b}.
Given %, there are several ways of finding an optimal vertex x°®, the procedure we
shall describe is similar to the one in [7, pp. 173-174]. First, note that 8™ is a
rational number with numerator and denominator at most 2°%. So 8™** is the unique
rational, with denominator less than or equal to 2°%, closest to ¢'X, and may be
computed using the method of continued fractions. Let S denote the set of column
vectors of A'. W.r.t. a point x define V(8, x) to be a subset of Su {c} such that:

(i) [¢"x—B™| =<8 iff ce V(8, x).

(ii) For each a;€ S, |a/x—b,|<6 iff a;€ V(3, x).

V(8, x) may be thought of as the set of constraints that are almost satisfied with
equality (with an error of at most 8). Let dim(V(8§, x)) denote the dimension of the
vector space spanned by the elements of V(§, x). Using £ we obtain a point x*
such that:

(i) |¢Tx*— B < 2e.

(ii) afx*=b,—2¢, a,€S.
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(iii) Every vector in Su{c} can be expressed as a linear combination of the
vectors in V(2¢g, x*), i.e. dim(V(2e, x*)) =n.
Then the point x°”* which satisfies the system of linear equations

arx°"=b, a,eV(2e x*),
chopt___Bmax,

is feasible, and is an optimal vertex (see [7, pp. 173~174]) (note that even though
the V(2¢, x*) may contain more than n vectors the above system of linear equations
does have a solution and so x°™ is a well-defined point). Once V is available, x°™
may be computed by using a version of gaussian elimination given in [2, 3], and
performing rational arithmetic with O(L) bits of precision.

We shall give a procedure to obtain x*. The procedure is almost identical to the
one given in [4, pp. 173-~174]. The idea is to stay close to the plane ¢'x = 8™,
remain almost feasible, and at the same time increase the rank of the set of constraints
that are almost satisfied with equality. Suppose that we have a point x’ such that:

(i) |¢"™x' =™ <.

(ii) afx'=b,~6, a;,€S.

(iii) There is a column a, of A" which is linearly independent of the vectors in
V{8, x").

We may then compute a u such that

lcTul < 2A16L£

3

laful=2"""

a;,e V(8 x'),

k4
T
a,us-1.

Thus by moving in the direction of u from x’ we can substantially decrease the
distance from the constraining plane a, x =b, without appreciably changing the
value of the objective function or the distance from any of the constraining planes
aix=b;, a;e V(8,x'). Specifically, we can find a scalar 0 < A <2°" such that:

(i) Je"(x"+Au)— ™| =6+27 e

(i) aT(x’+ u)=b,—8—-2"2 ¢, a,cS.

(iii) dim(V(8+27%"¢, x'+ Au))=dim( V(8, x')) +1.

The existence of such a A follows from two observations. First, the coordinates
of any feasible point are bounded by 2". Second, if a; can be expressed as a linear
combination of the elements of V(8§, x’) then the coefficients in the linear combination
are rationals with numerators and denominators bounded by 2°.

Thus we can construct a sequence x'=x% x',...,x"...,x* such that
dim( V(e*, x*)) > dim(V(e*™!, x*!)), where ¢ =(1+k2 %)e. We shall show that
computing x* from X requires O(mn?®) arithmetic operations, and it is adequate to
perform each operation to a precision of O(L) bits. Let M, be a matrix such that:

(i) Each row of M, is an element of V(&*, x*).
(ii) The rows of M, are linearly independent.
(iii) The number of rows of M, equals dim(V(&*, x*)).
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Let a; be a vector in the set S— V(g*, x*). Note that g; is linearly independent
of the rows of M, iff the orthogonal projection of a; onto the orthogonal complement
of the row space of M, is non-zero. Since entries in A are integers, the orthogonal
complement of the row space of M, (i.e. the subspace {x: M, x =0}) has a basis
such that the coordinates of each vector in the basis are rationals with a common
denominator which is at most 2”. Thus if the orthogonal projection of a; onto this
subspace is non-zero then the 2-norm of the orthogonal projection is at least 27°,
Furthermore, the said orthogonal projection of a; is the vector

- MZ(MkMDﬂMk)aj-

To be able to compute the orthogonal projection to a sufficient degree of accuracy,
we maintain an approximate inverse (M, My).' of M, M} such that

(MkMDQI = (MkMZ)71+Ek

where E, is an error matrix such that | E ||, <2 7" for a suitable constant y;> 100.
(Alternately, the LU decomposition of M, M} could be maintained.) In a manner
similar to Section 8.1, it is easily shown that

2‘4L$ )\min(MkMz) = )\max(MkM;‘;) = 22L'

Then from the bounds on the eigenvalues of M, M}, it is easily seen that using the
approximate inverse of M, M (instead of the exact inverse) will produce an error
of at most 27%7*" in computing the 2-norm of the orthogonal projection of a;.
So from the computed orthogonal projection we may correctly determine whether
a; is or is not linearly dependent on the rows of M,. Once the approximate inverse
of M,Mj is available, finding the orthogonal projection of a; requires O(n?)
operations. Furthermore, a suitable approximate inverse of M., M., is obtained
from the approximate inverse of M, M in a manner similar to Section 8.2, using
the updating formula [5, 12],

[M v]—l_ 1 ,:(d—vTMﬂv)M”%-(M—lv)(M_lv)T —M_lv]
v d d—v'™M 'y ~(M ') 1 ’

and this requires O(n’) arithmetic operations performed to precision of O(L) bits.
Thus given X, x* may be computed in O(mn?) arithmetic operations, with each
operation being performed to a precision of O(L) bits.
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